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A Generalized Frequency
Domain Reflectometry Modeling
Technique for Soil Electrical
ProperƟes DeterminaƟon
We have developed a generalized frequency domain reflectometry (FDR) technique for
soil characteriza on that is based on an electromagne c model decoupling the cable and
probe head from the ground using frequency-dependent reflec on and transmission transfer func ons. The FDR model represents an exact solu on of Maxwell’s equa ons for wave
propaga on in one-dimensional mul layered media. The benefit of the decoupling is that
the FDR probe can be fully described by its characteris c transfer func ons, which are
determined using only a few measurements. The soil proper es are retrieved a er removing the probe eﬀects from the raw FDR data by itera vely inver ng a global reflec on
coeﬃcient. The proposed method was validated under laboratory condi ons for measurements in water with diﬀerent salt concentra ons and sand with diﬀerent water contents.
For the salt water, inversions of the data led to dielectric permi vity and electrical conducvity values very close to the expected theore cal or measured values. In the frequency
range for which the probe is eﬃcient, a good agreement was obtained between measured,
inverted and theore cally predicted signals. For the sand, results were consistent with
the diﬀerent water contents and also in close agreement with tradi onal me domain
reflectometry measurements. The proposed method oﬀers great promise for accurate soil
electrical characteriza on because it inherently permits maximiza on of the informa on
that can be retrieved from the FDR data and shows a high prac cability.
Abbrevia ons: FDR, frequency domain reflectometry; TDR me domain reflectometry; VNA, vector network analyzer.

An electromagnetic model was
developed for frequency domain
reflectometry (FDR) based on the
characteriza on of the FDR probe by
transfer func ons and on the decoupling of the probe signals from the
ground signals. Inverse modeling of
the FDR waveforms permits accurate
retrieval of the frequency-dependent
soil electrical proper es.
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Time domain reflectometry (TDR) has become a standard in geophysical applications for measuring the soil dielectric permittivity and electrical conductivity. Since TDR
for soil characterization was first developed by Topp et al. (1980, 2003) in the early 1980s,
many applications and enhancements have been reported regarding (i) the development
of the physical measurement system, e.g., the design of the TDR probe (Robinson et al.,
2003) and the multiplexing of several probes (Heimovaara and Bouten, 1990), and (ii) the
interpretation and modeling of the TDR waveform (Heimovaara, 1993; Noborio, 2001;
Robinson et al., 2003). The calibration of petrophysical relationships that link the dielectric
permittivity and the soil water content has also received specific attention (Topp et al.,
1980; Ledieu et al., 1986; Sihvola and Kong, 1988; Yu et al., 1999).
Traditionally, dielectric permittivity is derived from the TDR signal by analysis of the
travel time of the electromagnetic wave along the transmission line. Chung and Lin (2009)
showed that different dielectric permittivity estimations can be obtained by comparing
the methods that have been proposed to determine the reflection arrivals in the travel time
analysis (e.g., the tangent method or the derivative method). Indeed, Hook and Livingston
(1996) demonstrated that a dominant source of error in estimating soil water content
using TDR was the uncertainty in determining the propagation travel time. High soil
electrical conductivity in clay or saline soils can also significantly affect the propagation
of the waveform and the determination of the travel time, leading to erroneous estimation
of the real part of the dielectric permittivity if not taken into account (Pepin et al., 1995;
Sun et al., 2000).
The soil electrical conductivity is usually retrieved from the TDR signal by depicting the
reflection coefficient at long times and applying the Giese and Tiemann (1975) method;
however, several researchers have pointed out the limitations of this method (Lin et al.,
2008; Huisman et al., 2008) as well as the dielectric permittivity determination methods
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cited above. In addition, these methods are not suited for determining the frequency dependence of the soil electrical properties.
To overcome these limitations, more advanced forward and inverse
modeling methods, usually performed in the frequency domain,
have shown promise (Heimovaara, 1994; Lin, 2003; Schaap et al.,
2003; Huisman et al., 2004; Heimovaara et al., 2004; Mattei et al.,
2005; Shuai et al., 2009). In addition, operating in the frequency
domain permits increase of the bandwidth and, thereby, increases
the information content in the data. As a result, frequency domain
analysis offers more potential than the common time domain and
travel time analysis methods for the determination of soil water
content (Lin, 2003). Nevertheless, modeling of the FDR system
could require numerous system calibrations with a high number of
parameters to be determined (e.g., 40 as reported by Heimovaara
et al., 2004) and the necessity of disconnecting the elements of the
FDR system, as stated by Shuai et al. (2009). In addition, several
assumptions about, e.g., the cable impedance and the characteristic probe impedance have to be made to resolve the FDR system.
Given all of this, the practicability and accuracy of such methods
remain questionable.
Electromagnetic wave generation can be performed using other
wave generator devices than the commonly used and commercialized cable testers. In particular, FDR systems that have been
conceived with a vector network analyzer (VNA) (Campbell, 1990;
West et al., 2003; Huisman et al., 2004; Shuai et al., 2009) have
shown an unprecedented precision and control of the input generated signal as well as on the reception and analysis of the returned
waveform. In addition, the calibration of a VNA is well defined,
constituting an international standard, and thereby ensures
repeatability of the measurements. Finally, unified models and
techniques have been developed for soil electromagnetic characterization based on the same VNA technology but using different
sensors (e.g., ground penetrating radar [Lambot et al., 2004] and
electromagnetic induction [Moghadas et al., 2010]) operating with
different frequency ranges and measuring at different scales.
In this study, a generalized VNA-based FDR modeling approach
was formulated and a practical probe calibration procedure was
developed. The approach is based on an electromagnetic model
decoupling the cable and probe head from the ground using
frequency-dependent reflection and transmission transfer functions. The FDR model represents an exact solution of Maxwell’s
equations for wave propagation in one dimensional multilayered
media and, in particular, in transmission lines. The FDR probe is
fully described by its characteristic transfer functions, which are
determined using three or more measurements for known model
configurations. The soil properties are retrieved after removing
the probe effects from the raw FDR data by iteratively inverting
a multilayered global reflection coefficient. Th is approach is not
limited to the VNA-based FDR setup used in this study and could
be extended to the traditional TDR cable testers. To validate the

method, we conducted laboratory experiments with measurements
taken in salt water with increasing salt concentrations and sand
with different moisture contents. The results were compared with
theoretical values and traditional TDR estimates. The expected
advantages of this approach compared with other existing methods
are mainly the theoretical exactness of the model and the simple
calibration procedure.

6 Materials and Methods

Theory

Electromagne c Proper es of Materials
The electromagnetic parameters governing wave propagation are
the dielectric permittivity (ε), electrical conductivity (σ), and magnetic permeability (μ). The magnetic permeability of the major
natural materials encountered in the environment is assumed to
be equal to the magnetic permeability of free space, namely, μ 0 =
4π × 10−7 H m−1. Soil with magnetic materials (e.g., Fe oxides),
however, may exhibit nonnegligible higher magnetic permeabilities
(Robinson et al., 1994; van Dam et al., 2002; Stillman and Olhoeft,
2008; Mattei et al., 2008).
Due to relaxation phenomena, the soil electromagnetic properties present a frequency dependence, which is usually described
with the extended Debye relaxation model (e.g., Heimovaara,
1994; Feng et al., 1999; Huisman et al., 2004). It is worth noting
that this model assumes only one single relaxation phenomenon,
while the soil is a mix of air, soil particles, and water and thus
exhibits a complicated dielectric behavior due to the overlapping spectra of its different components (Logsdon, 2005). In the
limited frequency range from 500 MHz to 3 GHz, however, it
has been shown that the frequency dependence of the dielectric
permittivity can be neglected for most soils (Zhou et al., 2001;
Weerts et al., 2001; Huisman et al., 2002; Robinson et al., 2005).
In this study, we assumed a constant dielectric permittivity in the
frequency range 10 MHz to 1 GHz. The dielectric permittivity
of sand can be assumed to be constant in that frequency range
(Kelleners et al., 2005) and the dielectric permittivity of water or
salt water decreases as a function of the frequency only above 2
GHz (Meissner and Wentz, 2004).
Nevertheless, the frequency dependence of the apparent electrical
conductivity (which includes dielectric losses) in this frequency
range can be significant, especially for high water contents. In
a such limited frequency range, this dependence can be well
accounted for using a linear model, thereby representing a local
linear approximation of the full frequency-dependence function
(Lambot et al., 2004):
σ ( f ) = σ f min + s ( f − f min )

[1]

where σfmin is the apparent electrical conductivity at the minimum
frequency of the frequency range ( fmin) and s the slope of the linear
function σ( f ).
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Modeling of the Frequency Domain
Reflectometry System
An FDR (or TDR) system is typically constituted by an electromagnetic wave generator, a coaxial cable, and an FDR probe. The
wave generator transmits an electromagnetic wave into the system
and the FDR probe acts as a waveguide transmitting the wave
into the medium in which the probe is inserted. The FDR rods
thus emulate a coaxial medium where an alternating electric field
oscillates between the central and the external rods, with the investigated medium acting as the insulating material of the coaxial line.
Each sequential element of the FDR system is characterized by its
internal electromagnetic properties, i.e., ε, σ, μ, and dimensions,
determining its complex impedance. A change in these characteristic properties produces a partial reflection and transmission of
the wave. The FDR system thereby constitutes a transmission line
or a one-dimensional multilayered medium.
An FDR measurement using VNA technology is represented by
the frequency-dependent scatter function S11(ω), defined as the
complex ratio between the reflected and incident waves:
S11 =

B (ω)
A (ω)

[2]

measured at the calibration plane up to the end of the probe, formally referred to as RC,N (ω), for fields incident from Layer C (the
cable before the calibration plane) onto the interface with Layer N
(the end of the rods). The probe head is defined here as the layered
medium P, with unknown layers, situated between the calibration
plane and the base of the FDR rods. To mathematically decouple
the probe head from the FDR rods, a fictional air layer (Layer 0)
is added in between, whose thickness (d0) tends to zero. This layer
therefore has no effect on the wave propagation. The FDR rods are
then discretized into a number of layers representing a multilayered medium, with each soil layer being characterized by its own
electromagnetic parameters and, by extension, its soil properties.
For non-short-circuited probes, the end of the rods is modeled by
an infinite half-space whose properties are defined such that they
lead to a reflection coefficient R N−1,N = 1. Th is can typically be
emulated using relative dielectric permittivity ε r = 1, σ = 0, and
μ r → ∞ for Layer N. The unknown layered medium P can be theoretically replaced by an equivalent medium with global reflection
[RC,0(ω) and R0,C(ω)] and transmission [TC,0(ω) and T0,C(ω)]
coefficients, defi ned as shown in Fig. 1c, which fully characterize the probe head. Indeed, the presence of the fictional air layer
permits these global functions to be made independent from the
soil properties. The scatter function S11(ω) can then be derived as
S11 ( ω ) = RC,N ( ω )

where B(ω) and A(ω) are the reflected and incident waves, respectively, at the VNA calibration plane and ω is the angular
frequency. The subscripts of S11(ω) refer to the fact
that the same port of the VNA (i.e., Port 1) is used for
simultaneously transmitting (second subscript) and
receiving (fi rst subscript) the waves. Electromagnetic
wave propagation through the FDR probe results from
a combination of infinite multiple reflections and
transmissions occurring at each change of impedance
or interface.

= RC,0 ( ω ) +

TC,0 ( ω ) R0,N ( ω )T0,C ( ω )

[4]

1 − R0,C ( ω ) R0,N ( ω )

In the time domain, using traditional TDR cable testers,
the measured reflected wave b(t) can be calculated by a convolution integral of the incident wave a(t) and the system
function s(t) (Heimovaara, 1994):
b(t ) = ∫

+∞

−∞

a(t − τ )s(τ )d τ

[3]

where τ is the integration variable. The measured
reflected wave b(t) in the time domain can then be transformed into the frequency domain wave B(ω) using a
Fourier transform (Heimovaara, 1994).
The overall FDR system is shown in Fig. 1a and its corresponding representation in terms of a one-dimensional
multilayered medium is shown in Fig. 1b. The variable
S11(ω) therefore represents a global reflection coefficient,

Fig. 1. Modeling of the frequency domain reflectometry (FDR) system by a onedimensional multilayered medium: (a) schematic of the measurement system with
vector network analyzer (VNA), (b) corresponding representation as a multilayered
medium, where S11 is the scatter function, R are reflection coefficients, and ε is the
dielectric permittivity, σ is the electrical conductivity, and μ is the magnetic permeability at depths d, and (c) probe reflection and transmission coefficients R and T
characterizing the FDR probe head.
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Defi ning T(ω) = TC,0(ω)T0,C(ω), the number of independent
unknown characteristic probe head functions reduces to three,
namely, RC,0(ω), R0,C(ω), and T(ω). It is worth noting that these
characteristic probe transfer functions inherently contain the
information about the probe characteristics such as, e.g., the probe
impedance, which is integrated in the T(ω) and R0,C(ω) transfer
functions. Once these probe characteristic functions are known,
the probe effects can be fi ltered out from the S11(ω) measurements
and the response of only the soil can be derived:
R0,N ( ω ) =

the propagation of the wave. The propagation constant γ depends
on the dielectric permittivity ε, electrical conductivity σ, and magnetic permeability μ of the medium. It is expressed as
⎛
jσ ⎞
γ ( ω ) = −ω 2 μ ⎜⎜ ε − ⎟⎟⎟
⎜⎝
ω⎠

[7]

The propagation constant γ is a complex quantity, which can also
be expressed as
γ = α + jβ

[8]

The real part, α, is the attenuation constant:

S11 ( ω ) − RC,0 ( ω )

[5]

S11 ( ω ) R0,C ( ω ) +T ( ω ) − RC,0 ( ω ) R0,C ( ω )
The three probe characteristic functions RC,0(ω), R0,C(ω), and
T(ω) can be determined by solving a system of equations such as Eq.
[4], for which at least three independent measurements of S11(ω)
should be performed and the corresponding R0,N(ω) should be calculated. Practically, this can be realized using well-known model
configurations such as shortcuts at different sections of the rods
[assuming Rn,n+1(ω) = −1 at the shortcut position] and a measurement with the probe in free space (air). To ensure independence
of the calibrating equations across the whole frequency range, the
system should ideally be overdetermined using more than three
model configurations.
In the case of time domain measurements using classical TDR
devices, the scatter function S11(ω) measured by the VNA in Eq.
[4] can be replaced by the reflected wave B(ω), that is, the Fourier
transform of b(t) measured by the TDR cable tester. In that case,
the incident wave A(ω) is integrated into the probe characteristic
functions RC,0(ω) and T(ω); therefore, it is not necessary to know
it. In a TDR system, the actual incident wave may differ from the
one that is given by the TDR constructor because of distortions
caused by internal electronics of the voltage generator and the
transmission line (Mattei et al., 2005).
The global reflection coefficient from the FDR rods [R0,N(ω)] can
be recursively derived as (e.g., Feng et al., 1999; Heimovaara et
al., 2004)
Rn,N ( ω ) =
Rn,n +1 ( ω ) + Rn +1,N ( ω ) exp ⎣⎡ − 2 γ n +1 ( ω ) d n +1 ⎦⎤
1 + Rn,n +1 ( ω ) Rn +1,N ( ω ) exp ⎡⎣ − 2 γ n +1 ( ω ) d n +1 ⎤⎦

ω 2 με
2

α=

[6]

where n refers to the layer (n = N – 1, N – 2, …, 0), γ n(ω) is the
propagation constant, Rn,n+1(ω) is the local reflection coefficient
for fields incident from the nth layer onto the interface with the
layer n + 1, and dn is the layer thickness. The recursion is initiated
assuming R N−1,N(ω) = 1 for an open-ended probe (Feng et al.,
1999; Schaap et al., 2003). The electromagnetic wave is assumed to
propagate in the transverse electromagnetic mode, meaning that
the electric and magnetic fields are transverse to the direction of

(

)

1 + tan 2 δ −1

[9]

and the imaginary part, β, is the phase constant:
ω 2 με
2

α=

(

)

1 + tan 2 δ + 1

[10]

where
tan δ =

σ
ωε

[11]

is defi ned as the loss tangent. The phase constant β determines
wave propagation velocity (v) as
v=

ω
=
β

1

( με 2 )(

)

[12]

1 + tan 2 δ + 1

It is worth noting that for nonmagnetic materials with a relatively
low electrical conductivity and considering high frequencies, the
wave propagation velocity can be approximated by
v?

1
c
=
με
εr

[13]

where c is the wave velocity in free space and ε r is the relative dielectric permittivity (ε r = ε/ε 0 with ε 0 being the dielectric permittivity
of free space). This assumption is commonly used when characterizing soil using classical TDR approaches. In our case, such an
assumption was not applied.
The local reflection coefficient Rn,n+1(ω), resulting from the electromagnetic boundary conditions at an interface, is defined as
Rn,n +1 ( ω ) =

μ n +1 γ n ( ω ) −μ n γ n +1 ( ω )
μ n +1 γ n ( ω ) + μ n γ n +1 ( ω )

[14]

Model Inversion
The unknown parameter vector p to be determined (containing
the dielectric permittivity, frequency-dependent apparent electrical conductivity, and thickness of the investigated soil layers) is
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retrieved by a full-waveform inversion procedure, which is applied
to the probe-fi ltered FDR signal (see Eq. [5]). The inverse problem
is formulated in the least squares sense and the objective function
is defined as
ϕ ( p ) = R 0,N * −R 0,N

T

R 0,N * −R 0,N

[15]

where R0,N* = R0,N*(ω) and R0,N = R0,N (ω,p) are the vectors
containing the observed and simulated global reflection coefficients, respectively, of the soil. Because these global reflection
coefficients are complex vectors, the objective function is expressed
by the amplitude of the difference of the fi ltered data in the complex plane.
Considering a multilayered soil sampled by the FDR probe, parameters for each soil layer can theoretically be retrieved by inversion,
depending on the information content with respect to the number
of parameters to optimize. Nevertheless, for thin layers compared
with the signal wavelength and for small contrast between the
layers, the information content in the waveform may be insufficient to distinguish the layers and to determine the layer properties,
leading to nonuniqueness problems in the inversion, as was shown
in Minet et al. (2010). Although the optimization problem is generally simple for a single soil layer, the topography of the objective
function to minimize can be relatively complex when considering
several soil layers, including multiple local minima. To properly
solve such inverse problems, a global optimization procedure is
required. Following the approach of Lambot et al. (2002), we
used the global multilevel coordinate search algorithm (Huyer
and Neumaier, 1999) combined sequentially with the classical
Nelder–Mead simplex algorithm (Lagarias et al., 1998).

Water Content DeterminaƟon
In this study, we used the model of Ledieu et al. (1986) to fit the
inversely retrieved soil dielectric permittivity to the volumetric
water content θ v:
θ = a εr + b

The FDR probe was a 9.60-cm-length, three-rod stainless steel
device held by an epoxy probe head and equipped with an N-type
connector. The spacing between the two external rods was 28 mm
and the diameter of the rods was 3 mm. The VNA was accurately
calibrated with high precision [S11(ω) < −90 dB for a “Match”
measurement] with a 50-Ω OSM (Open, Short, Match) series of
a standard, N-type calibration kit (ZV-Z21, Rohde & Schwarz,
Münich, Germany). The calibration of the VNA was made at the
connector between the coaxial cable and the probe head, as illustrated in Fig. 1. It is worth noting that the calibration could also
have been performed at Port 1 of the VNA. In that case, the probe
transfer functions would have also accounted for the coaxial cable.
For the probe transfer functions determination, S11(ω) measurements were first performed in different well-known media, namely,
in air and with the FDR rods short-circuited at 16 different distances, accounting in total for 17 measurements, although three
measurements are sufficient to determine the transfer functions.
The probe length and the position of shortcuts along the probe
were precisely measured to compute the theoretical global reflection coefficient in these media. Second, measurements in 10
saltwater solutions were made to validate the probe calibration
and the inversion procedure. Last, we set up 10 different wetted
sand media by mixing calculated volumes of dry sand and demineralized water to test the technique for the retrieval of the dielectric
permittivities and frequency-dependent electrical conductivities.
The same volume of water was added to the known volume of sand
to obtain regularly increasing sand water content.
The frequency-dependent scatter function S11(ω) was measured
sequentially at 3996 stepped frequencies from 10 MHz to 8 GHz
with a step of 2 MHz. Nevertheless, inversions of the measured
signals were performed on a limited frequency range, namely, 10
to 1000 MHz, where the signal/noise ratio appeared to be optimal,
especially due to the higher performances of the probe in that frequency range. It is worth mentioning that Lin (2003) suggested a
similar optimal frequency range (500–1000 MHz).

[16]

where a and b are the optimized soil-specific parameters.

Laboratory Experiments Setup
The objective of the laboratory measurements was threefold: (i) to
characterize the FDR probe transfer functions, (ii) to validate these
transfer functions in a well-known medium, i.e., salt water, and (iii)
to apply the inversion procedure to retrieve the electromagnetic
properties of a wetted sand in which the probe was inserted.
We set up the FDR system using a VNA (ZVT8, Rohde &
Schwarz, Münich, Germany) as transmitter and receiver, which we
connected to a homemade FDR probe with high-quality N-type
connectors and a 50-Ω impedance coaxial cable of 2.5-m length
(Sucoflex 104PEA, Huber + Suhner AG, Herisau, Switzerland).

For the measurements performed in the wetted sand, TDR measurements were also performed using a Tektronix 1502C metallic
cable tester (Tektronix, Beaverton, OR) connected to a traditional
TDR probe (95 mm long and 3-mm diameter with a 25-mm rod
spacing). The dielectric permittivity was derived from the TDR
waveforms using the WinTDR 6.0 soft ware (Soil Physics Group,
Utah State Univ., Logan).

6 Laboratory Experiments Results
Probe Transfer FuncƟons DeterminaƟon

The global reflection coefficients R0,N(ω) corresponding to the 17
measurements (one air + 16 shortcuts) performed for the probe
transfer functions determination were first calculated using Eq. [6].
The probe transfer functions were then retrieved by solving a system
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Fig. 2. Frequency domain reflectometry (FDR) probe transfer functions reflection coefficients (a) RC,0(ω) and (c) R0,C(ω) and transmission coefficients (b) T(ω) determined throughout the entire frequency range (f) from 10 MHz to 8 GHz, depicted in amplitude (upper graphs) and phase (lower
graphs), for three different numbers of measurements (three, seven, and 17) used to solve the systems of equations.

of equations such as Eq. [4], assuming not only three model configurations but also more (seven and 17) to overdetermine the system.
Figure 2 shows the amplitude and phase of the FDR probe transfer functions RC,0(ω), T(ω), and R0,C(ω) determined across the
full frequency range from 10 MHz to 8 GHz. The transfer functions determined with the minimal number of measurements (i.e.,
three) show very good results for frequencies in which the probe
is the most efficient [low R(ω) and high T(ω) values in the lower
frequency range], yet local errors appeared for some frequencies,
especially in the higher frequency range where the signal/noise
ratio became poor as a result of lower probe efficiency and sensitivity to measurement errors (e.g., in the measurement of the distance
between the probe head and the shortcut). Overdetermining the
system of equations using at least seven or more model configurations led to very similar values of the transfer functions across the
whole frequency range, with smooth trends in terms of both amplitude and phase of the transfer functions, thereby denoting a good
accuracy. For the analysis of the FDR data taken in salt water and
wetted sand (see below), the transfer functions determined with
the maximum number of measurements (i.e., 17) were used, but,
as it can be observed in Fig. 2, seven measurements were already
sufficient to obtain a high accuracy.
The analysis of these probe transfer functions permitted determining in which frequency range the probe is the most efficient. In
particular, high RC,0(ω) values (e.g., >0.5) indicate that, at these
frequencies, most of the wave is reflected within the probe and
is not transmitted to the ground. In contrast, high T(ω) values
indicate that the probe is efficient at transmitting waves into the
ground. In particular, we can see in Fig. 2b that the probe efficiency strongly decreased above 2 GHz because of the low T(ω)
values. The R0,C(ω) values can be analyzed similarly to RC,0(ω),
and low R0,C(ω) were observed for the same frequency values as for
RC,0(ω), namely, around 3 and 6.5 GHz. Once they are characterized, these probe transfer functions can be used to fi lter out the
raw measured data S11(ω) from all the FDR probe head effects and

obtain the global reflection coefficient of the FDR rod medium
only [R0,N(ω)], namely, the soil. It is worth noting that in practice,
only three reference measurements are required to accurately calibrate the probe, provided it is sufficiently efficient in the frequency
range of concern.

Inversion of Frequency Domain Reflectometry
Measurements in Salt Water
The validity of the probe calibration and of the inversion procedure
was assessed by comparing the measured, theoretically predicted,
and inverted (fitted) signals, as well as the theoretical or laboratorymeasured and inverted parameters (i.e., ε r, σfmin, and s) for the 10
measurements in salt water. The inversion was set in a large parameter space, namely, 2 < ε r < 90, 10−2 < σfmin < 10 S m−1 and 10−11
< s < 10−7 s S m−1, and more than 5400 iterations were performed.
Salt concentrations were regularly increased from 0.154 to 1.540
g L−1 by adding precise quantities of NaCl into demineralized
water. The solution electrical conductivity, as well as the solution
temperature, was measured by a WTW LF318 (WTW, Weilheim,
Germany) conductivity meter. Bulk electrical conductivity measurements were then temperature corrected to obtain the actual
electrical conductivity at the solution temperature. According to
the data sheet of the conductivity meter, measurement errors are
10−4 and 10−3 S m−1 for conductivities smaller and larger than 0.2
S m−1, respectively.
Figure 3 shows the measured, predicted, and inverted scatter
functions S11(ω) arising from the whole FDR probe, including
the probe head, for a measurement in salt water with the lowest
salt concentration (0.154 g L−1) depicted in the frequency domain
in amplitude and phase (Fig. 3a) and in the time domain (Fig.
3b). Under laboratory conditions, the measured scatter functions showed a good reproducibility, with identical measured
signals with repeated measurements. The inverted parameters
were used to compute the inverted global reflection coefficient,
which was then translated backward into the inverted scatter
function S11(ω) using Eq. [4]. The predicted scatter function
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was computed using the electromagnetic model and theoretical
permittivity and conductivity
values estimated by a formulation of the Debye model for salt
water from Meissner and Wentz
(2004) using the measured bulk
electrical conductivity and temperature. This accurate model
accounts for the frequency and
temperature dependence of the
electrical parameters, but it is
restricted to salt water only.
Measurement errors of the bulk
electrical conductivity (Δσ =
0.0001 S m−1) and of the solution temperature (ΔT = 0.1°C)
do not have a visible impact on
the predicted signal when propagating the errors to the predicted
scatter function S11(ω) (RMSE
of 0.00110 in terms of amplitude
of the scatter function in the frequency domain).

Fig. 3. Measured, predicted, and inverted scatter functions S11(ω) depicted in the (a) frequency (f) and (b) time
(t) domains for water with a salt concentration of 0.154 g L−1.

In the frequency domain, some
discrepancies were observed
between the measured and
inverted or predicted signals,
both in amplitude and phase,
especially with increasing frequency. These discrepancies may
Fig. 4. Measured, predicted, and inverted global reflection coefficients R0,N (ω) depicted in the (a) frequency
be attributed to a lower signal/
(f) and (b) time (t) domains for water with a salt concentration of 0.154 g L−1.
noise ratio as a result of the
stronger attenuation of the waves
due to increasing relaxation phenomena with increasing frequency.
well. In the time domain, the same agreement between the measured
In the time domain, the reflection at the beginning of the FDR
and inverted, as well as the predicted signals also can be observed. It
rods was observed around 1 ns and the final reflection from the end
is worth noting that the signal appears to be better modeled when
of the probe after 6 ns. Arrival times of the reflection were identical
expressed in terms of R0,N because it is referenced with respect to
between the measured, inverted, and predicted signals, whereas
the fictional air layer, resulting in a larger contrast at the beginning
there was a poorer agreement between the amplitudes of the reflecof the FDR rods. In particular, the reflection of the end of the probe
tion peaks. For the inverted signal, this indicates a high sensitivity
is relatively higher for the signal expressed in terms of S11 when comof the model to the dielectric permittivity, which mainly governs
paring with R0,N because R0,N is computed assuming that less signal
the propagation time, rather than the electrical conductivity.
is transmitted in the FDR rods.
Figure 4 shows the corresponding measured, predicted, and inverted
global transfer coefficients R0,N(ω) depicted in the frequency
domain in amplitude and phase (Fig. 4a) and in the time domain
(Fig. 4b) for the same saltwater medium as shown in Fig. 3. In the
frequency domain, discrepancies between the measured and inverted
or predicted signals are smaller than in Fig. 3a, although increasing
errors with frequency can still be observed. For low frequencies (e.g.,
<600 MHz), the inverted signal fits the measured signal remarkably

Corresponding with the case depicted in Fig. 4, the inverted
parameters that were retrieved are ε r = 84.4, σ10MHz = 0.0210
S m−1 and s = 10−9 ·55 s S m−1. The relative dielectric permittivity ε r at the solution temperature (13.5°C) is expected to range
from 82.2 to 82.6 in the limited frequency range of 10 to 1000
MHz (Meissner and Wentz, 2004), which is close to the inverted
dielectric permittivity value. The slight overestimation of the water
dielectric permittivity is expected to have come from the fact that,

www.VadoseZoneJournal.org | 1069

during the measurements with the probe in the water, some water
wetted the inside of the probe head through the rods. The measured solution bulk conductivity with the conductivity meter was,
for that case, 0.0242 ± 0.0001 S m−1.
Figure 5 compares the measured and inverted electrical conductivity values for the 10 different saltwater solutions. Inverted
frequency-dependent electrical conductivities were chosen at
the minimum frequency of 10 MHz. There is a very good agreement between these two variables, with r 2 = 0.997. Inverted
values were slightly underestimated compared with the measured
electrical conductivities, but inverted values can be higher considering higher frequencies. The relation between the mass of
added salt in the solution and the measured electrical conductivity appears to be linear in this range of salinity (not shown)
and also well determined, with r 2 = 0.999. Inverted dielectric
permittivity values were very similar between the 10 saltwater
solutions, ranging from 84.39 to 84.69. The good agreement of
the measured or theoretical and inverted parameters, as well as
the small discrepancies between theoretically predicted, inverted,
and measured signals, demonstrate the accuracy of the electromagnetic model and probe transfer functions determination with
respect to real measurements, as well as that the inverse problem
was well posed.

Fig. 5. Inverted electrical conductivity (σ) at the minimal frequency (10
MHz) from frequency domain reflectometry (FDR) measurements as a
function of the measured σ in the 10 different saltwater solutions.

DeterminaƟon of the Sand Water Content
The measured FDR signals from the 10 wetted sand media were
fi ltered for the probe effects using Eq. [5] and then inverted in
the limited frequency range of 10 to 1000 MHz to retrieve the
soil dielectric permittivity and the frequency-dependent apparent
electrical conductivity. The parameter space for the inversion was
set as follows: 2 < ε r < 90, 10−4 < σfmin < 10−1 S m−1, and 10−12
< s < 10−5 s S m−1. The media were assumed to be homogeneous
in the electromagnetic model (N = 2 in Fig. 1). Subsequent to the
FDR measurements, volumetric samples of the wetted sand were
collected to determine the actual water content, using the ovendrying method at 105°C for at least 48 h.
Figure 6 shows the relative dielectric permittivity estimated from
TDR measurements and FDR inversions as a function of the sand
water content measured by volumetric sampling. The model of
Ledieu et al. (1986) (Eq. [16]) linking the volumetric water content and the dielectric permittivity was fitted on both TDR and
FDR data. The RMSE of the fits and the r 2 between √ε r and θ v
are shown in Table 1.

Fig. 6. Relative dielectric permittivity (εr) estimated from time
domain reflectometry (TDR) measurements and frequency domain
reflectometry (FDR) inversions as a function of the sand water content (θv) measured by volumetric sampling. The model of Ledieu et al.
(1986) was fitted over the TDR and FDR data.
Table 1. Root mean square error of the fits according to the model of
Ledieu et al. (1986) and coefficient of determination (r 2) between the
square root of the relative dielectric permittivity and the volumetric
water contents for time domain reflectometry (TDR) and frequency
domain reflectometry (FDR) measurements.
Method

RMSE

r2

TDR

0.461

0.948

FDR

0.514

0.965

Both TDR and FDR relationships are very good, with r 2 close to
1 and RMSE close to 0.5 in terms of dielectric permittivity, corresponding to an error of <1% in terms of θ v. The differences between
FDR and TDR estimates may originate from the uncertainties in
the volumetric sampling and from the different locations where
the FDR and TDR probes were inserted, given the inherent heterogeneities in the sand water content and density.

Figure 7 shows the frequency-dependent electrical conductivity,
σ( f ) inverted from FDR signals for the 10 different sand water
contents (depicted from water contents [WC] 1 to 10 in Fig. 7b) as
a function of the frequency range in which the data were inverted.
Frequency-dependent electrical conductivity determined from an
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Fig. 7. Frequency-dependent,
apparent electrical conductivity
(σ) retrieved from frequency
domain reflectometry (FDR)
inversions for sand media at 10
different water contents (WC)
and for demineralized water
depicted with theoretical values
from the model of Debye; (b)
enlargement of the electrical
conductivity of the sand media.

FDR measurement in demineralized water and the theoretical
Debye model for pure water according to the parameterization of
Meissner and Wentz (2004) are shown for comparison purposes.
The slopes of the linear frequency dependence for the different
wetted sands are different, ranging from 10−25.3 to 10−10.6 s S m−1,
for the lowest and highest sand water contents, respectively. Not
surprisingly, the apparent electrical conductivity increased with
the sand water content, tending to the slope of demineralized water
(s = 10−9.59 s S m−1). Nevertheless, the apparent frequency-dependent electrical conductivity of the most wetted sand remained far
from the frequency-dependent electrical conductivity of water
because of the composition of wetted sand, which is a mix of air,
water, and soil particles. The assumption of linearity of the frequency dependence appears to be quite acceptable for pure water,
with a line approaching the curved Debye model. It is worth
noting that, at the lowest and highest frequencies, the inverted
frequency-dependent electrical conductivities of demineralized
water measurement correspond to the values calculated with the
theoretical Debye model.

6 Conclusions
We developed a new FDR technique based on an electromagnetic
model decoupling the FDR probe head from the measured medium
using three frequency-dependent transfer functions. At least three
laboratory measurements in perfectly known media and modeling
of the global reflection coefficients in these configurations can be
used to fully determine the probe transfer functions, owing to the
decoupling of the FDR probe and the accurate electromagnetic
modeling. The technique was validated with measurements in
saltwater media. Measured, inverted, and theoretically predicted
signals in the frequency range in which the probe is efficient were
in close agreement, thereby demonstrating the accuracy of the
whole forward model and that inverse problems were well posed. A
very good agreement was also observed when comparing measured
or theoretical and inverted parameters, i.e., the dielectric permittivities and electrical conductivities. Measurements in 10 different
wetted sands were then conducted and the dielectric permittivities

retrieved from FDR inversions were close to the values derived
from classical TDR measurements and in a good agreement with
volumetric water contents, with r 2 between √ε r and θ v of 0.948
and 0.965 for the TDR and FDR methods, respectively. Moreover,
the frequency-dependent electrical conductivity could also be
determined. The proposed method appears promising for readily
calibration of the FDR probe, for assessing the frequency dependence of the electrical properties and for inverting waveforms
coming from multilayered media.
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